




















Breakdown of the few-level approximation in collective systems
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The validity of the few-level approximation in dipole-dipole interacting collective systems is dis-
cussed. As example system, we study the archetype case of two dipole-dipole interacting atoms,
each modelled by two complete sets of angular momentum multiplets. We prove that the dipole-
dipole induced energy shifts between collective two-atom states depend on the length of the vector
connecting the atoms, but not on its orientation, if complete multiplets are considered. For this,
a strong link between any two alignments with a fixed distance between the atoms is established.
The simplification of the atomic level scheme by artificially omitting Zeeman sublevels in a few-level
approximation, however, generally leads to incorrect predictions.
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The theoretical analysis of any non-trivial physical
problem typically requires the use of approximations. A
key approximation facilitated in most areas of physics
reduces the complete configuration space of the system
of interest to a smaller set of relevant system states. In
the theoretical description of atom-field interactions, the
essential state approximation entails neglecting most of
the bound and continuum atomic states [1, 2, 3]. The
seminal Jaynes-Cummings-Model [4] takes this reduc-
tion to the extreme in that only two atomic states are
retained. Obviously, it is essential to in detail explore
the validity range of this reduction of the configura-
tion space. The few-level approximation usually leads to
theoretical predictions that are well verified experimen-
tally [1, 2], and is generally considered as understood for
single-atom systems. It fails, however, to reproduce re-
sults of quantum electrodynamics [5]. The situation be-
comes even less clear in collective systems, where the in-
dividual constituents interact via the dipole-dipole inter-
action, despite the relevance of collectivity to many areas
of physics. Examples for such systems can be found in ul-
tracold quantum gases [6, 7, 8], trapped atoms [9, 10, 11],
or solid state systems [12, 13], with applications, e.g., in
quantum information theory [14, 15, 16, 17].
Therefore in this Letter, we discuss the validity of the
few-level approximation in dipole-dipole interacting col-
lective systems. For this, we study the archetype case of
two dipole-dipole interacting atoms, see Fig. 1(a). Ex-
periments of this type have become possible recently [9,
10, 12]. Each atom is modelled by complete sets of an-
gular momentum multiplets, as shown in Fig. 1(b). We
find that the few-level approximation in general leads to
unphysical predictions if it is applied to the magnetic
sublevels of this system. In particular, we prove that
the dipole-dipole induced energy shifts between collec-
tive two-atom states are invariant under rotations of the
separation vector R if complete multiplets are consid-
ered. Throughout this analysis, we derive a strong link
between any two orientations of R with a fixed distance
between the atoms. The artificial omission of any of the
Zeeman sublevels of a multiplet leads to a spurious de-
pendence of the energy shifts on the orientation, and thus
to incorrect predictions. For example, if only one ex-
cited state |e〉 and the ground state |g〉 are retained, we
recover the position-dependent energy splitting between
the entangled two-particle states (|e, g〉 ± |g, e〉)/√2 that
has previously been reported for a pair of two-level sys-
tems [2, 3]. Our results can be generalized to more com-
plex angular momentum multiplets.
We describe each atom by a S0 ↔ P1 transition shown
in Fig. 1(b) that can be found, e.g., in 40Ca atoms. We
choose the z axis as the quantization axis, which is distin-
guished by an external magnetic field that induces a Zee-
man splitting δ of the excited states. The orientation of
R is defined relative to this quantization axis. We begin
with the introduction of the master equation which gov-
erns the atomic evolution of the system shown in Fig. 1.
The internal state |iµ〉 of atom µ is an eigenstate of J (µ)z ,
where J (µ) is the angular momentum operator of atom µ
(µ ∈ {1, 2}). In particular, the P1 multiplet with J = 1
corresponds to the excited states |1µ〉, |2µ〉 and |3µ〉 with
magnetic quantum numbers m = −1, 0 and 1, respec-
tively, and the S0 state is the ground state |4µ〉 with















FIG. 1: (a) The system of interest is comprised of two
identical atoms that are located at r1 and r2, respectively.
R = r2− r1 is the relative position of atom 2 with respect to
atom 1. (b) Level structure of atom µ ∈ {1, 2} which we em-
ploy to illustrate our results. The ground state is a S0 singlet
state, and the three excited levels are Zeeman sublevels of a
P1 triplet. δ is the frequency splitting of the upper levels.
2|4µ〉 ↔ |iµ〉 transition of atom µ are (i ∈ {1, 2, 3})
S
(µ)
i+ = |iµ〉〈4µ| and S(µ)i− = |4µ〉〈iµ| . (1)
The total system Hamiltonian for the two atoms and the
















V =− dˆ(1) · Eˆ(r1)− dˆ(2) · Eˆ(r2) . (2)
In these equations, HA describes the free evolution of the
two identical atoms, ~ωi is the energy of state |iµ〉 and we
choose ~ω4 = 0. HF is the Hamiltonian of the vacuum
field and V describes the interaction of the atom with
the vacuum modes in dipole approximation. The electric








ik·raks +H.c. , (3)
where aks (a
†
ks) are the annihilation (creation) opera-
tors that correspond to a field mode with wave vector
k, polarization ǫks and frequency ωk, and v denotes the
quantization volume. The electric-dipole moment oper-
ator of atom µ is a vector operator with respect to the












We determine the dipole moments di = 〈i|dˆ|4〉 via the
Wigner-Eckart theorem [18] and find d1 = D ǫ(+), d2 =
D ez and d3 = −D ǫ(−), where D is the reduced dipole
matrix element and the circular polarization vectors are
ǫ
(±) = (ex ± iey)/
√
2.
Following the standard derivation of a master equa-
tion [1, 2, 3], we assume that the radiation field is ini-
tially in the vacuum state denoted by ̺F. Furthermore,
we suppose that the total density operator factorizes into
a product of ̺F and the atomic density operator ̺ at
t = 0. The master equation for the reduced atomic den-

















where U(τ) = exp[−i(HA +HF)τ/~] and TrF() denotes
the trace over the vacuum modes. We evaluate the inte-
gral in Eq. (5) in Markov-approximation [1] and ignore all
terms associated with the Lamb shift of the atomic levels.
In addition, we employ the rotating-wave approximation









j−. We finally obtain




[HΩ, ̺] + Lγ̺ . (6)
In this equation, the Hamiltonian HΩ describes the co-











































Here the vector R denotes the relative coordinates of
atom 2 with respect to atom 1 [see Fig. 1(a)], η = k0R
and g1 = (η
−1+iη−2−η−3), g2 = (η−1+3iη−2−3η−3). In
the derivation of Eq. (9), the three transition frequencies
ω1, ω2 and ω3 have been approximated by their mean
value ω0 = ck0 (c: speed of light) [21]. This is justified
since the Zeeman splitting δ is much smaller than the
optical transition frequencies ωi. The last term in Eq. (6)






































The total decay rate of the excited state |i〉 of each of the
atoms is given by 2γi, where γi = |di|2ω30/(6πǫ0~c3) =
γ and we again employed the approximation ωi ≈ ω0.
The collective decay rates Γij result from the vacuum-
mediated dipole-dipole coupling between the two atoms
















χ im = Im
↔
χ is the imaginary part of the tensor
↔
χ .
We now derive a general statement about the behavior
of the master equation (6) under rotations of the separa-
tion vector R. This will provide the theoretical founda-
tion for our central results and physical interpretations
that follow after the formal proof of the statement.
In addition to a given relative position R of the two
atoms we consider a different geometrical setup where
3the separation vector P is obtained fromR by a rotation,
P = Ru(α)R. Here, Ru(α) is an orthogonal 3×3 matrix
that describes a rotation in the three-dimensional real
vector space R3 around the axis u by an angle α. We




[Lγ(R)W †̺W ]W † , (12b)
where W = Wu(α) is given by
Wu(α) = exp[−iα J(1) · u/~] exp[−iα J (2) · u/~] . (13)
Here the operator exp[−iα J (µ) ·u/~] describes a rotation
around the axis u by an angle α in the state space of
atom µ. The notation HΩ(R) and Lγ(R) means that the
coupling constants and collective decay rates in Eqs. (7)
and (10) have to be evaluated at R.
We proceed with the proof of Eq. (12). In a first step,
we introduce the auxiliary operator AR = WVRW
†,
where VR is the interaction Hamiltonian for a relative
position of the atoms given by R, and W = Wu(α) is
defined in Eq. (13). The evaluation of AR involves only
the transformation of the dipole operator of each atom.
Since the matrix elements of vector operators transform
like classical vectors under rotations (see, e.g., Sec. 3.10.












where d˜i = R−1u (α)di. This shows that the only differ-
ence between the auxiliary operator AR and VR is that
the dipole moments of the former are determined by d˜i
instead of di. In a second step, we employ the tensor
properties of
↔
χ to find the following expression for the
parameters Ωij(P ) and Γij(P ),
~Ωij(P ) =
[R−1u (α)di]T↔χre(R) [R−1u (α)d∗j ] , (15)
~Γij(P ) =
[R−1u (α)di]T↔χ im(R) [R−1u (α)d∗j ] . (16)
This important result shows that a rotation of the dipole
moments di by R−1u (α) is formally equivalent to a rota-
tion ofR by R
u
(α) in the master equation (6). From the
combination of the results obtained in step one and two,
we conclude that the exchange of VR by AR in the inte-
gral of Eq. (5) is equivalent to a rotation of the separation

















[HΩ(P ), ̺] + Lγ(P )̺ , (18)
where τˆ = t − τ . Note that the equality of Eqs. (17)
and (18) holds under the same assumptions that led from
Eqs. (5) to (6). In the second part of the proof we eval-
uate the integral in Eq. (17) in a different way. In the
discussion following Eq. (9), we justified that Lγ and HΩ
depend only on the mean transition frequency ω0. Here
we employ exactly the same approximation [21] and re-
place the frequencies ωi appearing in Eq. (17) by ω0. In
this case, J(µ) commutes with HA such that the opera-
tors W and U commute, and the argument of the trace









W † , (19)
where ˜̺ = W †̺W . In contrast to Eq. (17), the double
commutator contains now the original interaction Hamil-
tonian VR that corresponds to a setting with separation
vector R. We thus obtain




[Lγ(R)W †̺W ]W † . (20)
Finally, the comparison of Eq. (20) with Eq. (18) estab-
lishes Eq. (12) which concludes the proof.
We now turn to the discussion of Eq. (12), which will
lead to our central results. The Hamiltonian HΩ de-
scribes the coherent part of the dipole-dipole interaction
between the atoms. We employ Eq. (12a) to show that
the eigenvalues ofHΩ depend only on the interatomic dis-
tance, but not on the orientation of the separation vector
R. At the same time, we present symbolic expressions
for the eigenvalues and eigenstates of HΩ. We find that







ij |si〉〈sj |+ [HΩ]Aij |ai〉〈aj |
)
, (21)
where the symmetric and antisymmetric states are de-
fined as |si〉 = [ |i, 4〉 + |4, i〉 ]/
√
2 and |ai〉 = [ |i, 4〉 −
|4, i〉 ]/√2, respectively (|i, j〉 = |i1〉 ⊗ |j2〉). The matrix
elements of HΩ in the subspace S spanned by the sym-















and the representation of HΩ in the subspace A spanned
by the antisymmetric states {|a1〉, |a2〉, |a3〉} is given by
[HΩ]
A = −[HΩ]S . Note that the collective ground state
|4, 4〉 and the states |i, j〉 (i, j ∈ {1, 2, 3}) where each
atom is in an excited state are not influenced by the
dipole-dipole interaction and thus not part of the expan-
sion (21). We define Rz to be parallel to the z-axis,
i.e. Rz = R ez. The orientation of the separation vector
P = Ru(α)Rz can then be adjusted at will by a suitable
choice of the rotation axis u and the angle α. The explicit
calculation of the coupling constants Ωij shows that the
off-diagonal elements in Eq. (22) vanish if the atoms are
aligned along the z-axis. It follows that the Hamiltonian
4HΩ(Rz) is already diagonalized by the symmetric and
antisymmetric states, and the eigenvalues of [HΩ]
S and
[HΩ]
A are given by λSi = −~Ωii(Rz) and λAi = ~Ωii(Rz),
respectively. According to Eq. (12a), the Hamiltonian
HΩ(P ) is the unitary transform of HΩ(Rz) by W . The
normalized eigenstates of HΩ(P ) are thus determined by
W |si〉 and W |ai〉, and their eigenvalues are again λSi and
λAi , respectively. Since the orientation of P is arbitrary,
the eigenvalues ofHΩ(P ) depend only on the interatomic
distance |P | = |Rz| = R, but not on the orientation of
the separation vector.
Two additional conclusions can be drawn from Eq. (12)
if the operator HA commutes with the transformation
W = Wu(α). First, the density operator ̺(P ) for
P = R
u
(α)R is then the unitary transform of ̺(R) by
W , i.e. ̺(P ) = W̺(R)W †. If the Zeeman splitting
δ vanishes, HA commutes with Wu(α) for an arbitrary
choice of the rotation axis u and angle α. We conclude
that it suffices to determine the solution of the master
equation (6) for only one particular geometry if δ = 0.
Any other solution can then be generated simply by ap-
plying the transformationW = Wu(α) with suitable val-
ues of u and α to the solution for the particular geometry.
Furthermore, the commutation relation [HA,W ] = 0 in
conjunction with Eq. (12a) implies that HA + HΩ(P )
is the unitary transform of HA + HΩ(R) by W . If the
Zeeman splitting δ vanishes, this relation holds for an ar-
bitrary orientation of P such that the energy levels of the
full system Hamiltonian HA +HΩ do not depend on the
the orientation of the separation vector. This result can
be understood as follows. In the absence of a magnetic
field (δ = 0), there is no distinguished direction in space.
Since the vacuum is isotropic in free space, one expects
that the energy levels of the system are invariant under
rotations of the separation vector R. By contrast, the
eigenvalues of the full system Hamiltonian HA +HΩ de-
pend on the relative position of the atoms if the Zeeman
splitting δ is non-zero.
Finally, we emphasize that the result in Eq. (12) and all
its implications cannot be recovered if any of the Zeeman
sublevels of the P1 triplet are neglected. In this case, the
unitary operator W does not exist since it is impossible
to define an angular momentum or vector operator in a
state space where magnetic sublevels have been removed
artificially. It follows that all Zeeman sublevels generally
have to be taken into account. In order to give a more
intuitive explanation of this result, we return to the ma-
trix representation of [HΩ]
S in Eq. (22). The diagonal
elements proportional to Ωii account for the coherent in-
teraction between a dipole of one of the atoms and the
corresponding dipole of the other atom. By contrast, the
off-diagonal terms proportional to Ωij with i 6= j arise
from the vacuum-mediated interaction between orthog-
onal dipoles of different atoms [19, 20]. It is the pres-
ence of these terms that renders the simplification of the
atomic level scheme impossible since they couple an ex-
cited state |i〉 of one atom to a different excited state |j〉
(i 6= j) of the other atom. The same applies to the col-
lective decay rates Γij appearing in Lγ̺. Conversely, one
can conjecture that few-level approximations are justified
for particular geometrical setups where some or all of the
cross-coupling terms vanish. For example, we mentioned
earlier that all cross-coupling terms vanish if the atoms
are aligned along the z-axis. In this case, the S0 ↔ P1
transition may be reduced to a two-level system, formed
by an arbitrary sublevel of the P1 triplet and the ground
state S0. As a second example, we assume the atoms to
be aligned in the x-y-plane. Then the terms Ω21, Γ21 and
Ω32, Γ32 vanish. In effect, the excited state |2〉 may be
disregarded such that the atomic level scheme simplifies
to a V-system formed by the states |1〉 and |3〉 of the P1
multiplet and the ground state S0.
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